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The freezing of the radial motion was included in the
calculations by means of the substitution %HO in the
Hamiltonians (1) and (16) for single layer and bilayer
graphene, respectively, which resulted in the non-Hermitian
Hamiltonians (4) and (18). Solving these non-Hermitian
Hamiltonians resulted in unphysical non-real values for the
energy levels around E=0. Similar erroneous substitutions
were made in e.g. Ref. 1. It was shown in Ref. 2 that the
radial part of the angular momentum must be taken zero p,
=—if(s + ) 0 in order to guarantee Hermitian Hamilto-
nians. ﬁecause p=R is fixed for a 1D ring we should have
substituted ﬁi—> 1/2R which leads now to Hermitian
Hamiltonians and real eigenvalues. Any comments in the pa-
per on imaginary energy are erroneous. Due to this small
change many of the formulae and figures have to be modi-
fied.

On the left side of Egs. (4), replace both (m+1+8) and
(m+pB) by (m+B+1/2) and then Eq. (5) becomes e
=+ \(m+B+1)(m+pB)+5+1/4. Egs. (6) and (7) should be
removed. Now the energy values are real and therefore the
discussion below Eq. (7) starting from the second sentence
should be removed. In Eqgs. (11) and (13) replace B by B
+1/2 and replace Eq. (14) by

j 14 1% 2m+ B)+1

L=<_€) +<_f) +(62+52){(m—ﬂ>2]}

Up &,3 K ﬂﬂ K' 6(62—5)
Replace the sentence below Eq. (14) by: “Since for the
ground state energy m+[B=—1/2 where de/dB=0 the last
term in Eq. (14) is zero and the total current oscillates around

zero.”
In the first paragraph in Sec. II B replace the following

formula E= * Vvm(m+1)(fv;/R)*>+A? by
E= = \[(m+1/2)(hv /R + A%

Also remove the following part from this paragraph: “Note
that for m=0 and m=-1 the energy E= £ A is independent
of R and all branches are two-fold degenerate” and the dis-
cussion at the end of this paragraph should be corrected as:
“For small radii, E= *fivg|m+1/2|/R and all branches di-
verge as 1/R.”

In the third paragraph in Sec. II B replace €—[(m
+®@/Dy)+1/2=8~1/4 by E€-[(m+P/D)+1/2]*=6 &
=A/Ey=1/2 by 6=A/Ey=0 and 6>1/2 by 6>0. Remove
Fig. 4 and the last sentences at the end of this paragraph
should be corrected as “The energy in this case is €
=*+VB(B+1)+&+1/4 which for §=0 becomes e==*|8
+1/2|.”

In the fourth paragraph the formula Ae=2&-1/4
should be replaced by Ae=26. The following part also
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should be removed from the end of paragraph: “Notice also
that the m=-2 level only exists for A=E,/2, i.e. for A
< E,/2 there is no real energy solution when m=-2."

In the last paragraph in Sec. II B the explanation about
Fig. 8 should be corrected by “Note that the contribution
from the K-valley ji [Fig. 8(a)] and the K’-valley jg [Fig.
8(b)] are the same and they oscillate in phase around zero.”
Replace Eq. (18) by

_(6_ml)¢A(R)_(m+ﬁ_%>¢B(R)+t,¢C(R)=O,
<m+,8—%>¢A(R)+(E—7'“1)¢B(R)=0,
' $4(R) — (e - m2)¢C(R)+(m+,3+ >¢D(R) 0,

(m +B+7 )¢c(R) (€= 1uy) pp(R) =

and Eq. (19) by
2 2
N D N R

2
X{(e— Tiy)? — <m+,8+ %) } — (e—Tu,)(e— Tuy)t'?

=0,
and Eq. (20) by

R (nm)

FIG. 1. (Color online) Energy levels with m=-10,..., 10 of
single layer graphene quantum ring as function of ring radius R for
By=0 T (left panel) and By=3 T (right panel) when the mass term
is A=50 meV.
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FIG. 3. (Color online) Electron and hole energy levels of a
single layer graphene quantum ring as function of external magnetic
field B, for (a) 6=1/2, (b) 6=3/8, (c) 6=1/4, and (d) 5=0 with
R=50 nm, and total angular quantum number —10<m<-1 (red
curves), 1 <m=<10 (blue curves), and m=0 (green curves).

sP=282[(m+ B)*+ &+ (t)2 + 1/4] + 4s78(m + B) + [(m
+ B =141 =281 (m+ B)* - (t')*2+ 1/4]+ 6* =0,
and Eq. (21) by
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FIG. 5. (Color online) (a) Electron and hole energy levels of a
single layer graphene quantum ring as function of external magnetic
field B, for =2 and R=50 nm. (b) An enlargement of the region
which is shown in (a) by a rectangle.
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FIG. 6. (Color online) Lowest energy levels of a single layer
graphene quantum ring as function of the mass term A with B
=0 T (left panels) and By=1 T (right panels) for m=0 (upper pan-
els) and m <0 (lower panels) with R=50 nm.

FIG. 7. (Color online) (a) Electron energy levels of a graphene
single layer quantum ring as function of external magnetic field By,
for the same parameters as used in Fig. 5. Black curve shows the
ground-state energy. (b) Ground-state expectation value of L_/#i as
function of magnetic field for both K (black dashed curve) and K’
valleys (black dash-dotted curve). Expectation value of S./#% versus
magnetic field is plotted in the upper inset for K valley and in the
lower inset for K’ valley. The blue solid curve shows the expecta-
tion value (J,) which is the same for both valleys.
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FIG. 8. (Color online) The angular current density in the (a) K
valley and (b) K’ valley of a monolayer graphene quantum ring as
function of external magnetic field B for the ground-state energy
shown by the black curve in Fig. 7(a).

s =(m+ P>+ (1")2
+ 14 N4+ (m+ B () + 1/2] + () /4.

After Eq. (21) the following part should be removed: “These
are real when |[m+B|=1. In the opposite case of |m+g|
<1 (or equivalently —1+B8<m<1-p) we have s><0 and

FIG. 9. (Color online) Lowest energy levels of a bilayer
graphene quantum ring as function of ring radius R with (a) B
=0 T and (b) By=5 T for U,=100 meV and total angular quantum
number —10<m<-1 (red curves), 1 <m=<10 (blue curves), and
m=0 (green curves). The insets are an enlargement of the small
energy and small R region.
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FIG. 13. (Color online) Lowest energy levels of a bilayer
graphene quantum ring as function of the gate potential U, when
By=0 T (left panels) and By=1 T (right panels) for m=0 (upper
panels) and m <0 (lower panels) with R=50 nm.
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FIG. 14. (Color online) (a) Electron energy levels of a bilayer
graphene quantum ring as function of external magnetic field B, for
a quantum ring of radius R=50 nm and with U,=100 meV for both
the K valley (solid curves) and the K’ valley (dashed curves). Black
curve shows the ground-state energy of the energy spectrum in the
K valley whereas the gray curve the corresponding ground-state
energy of the K’ valley. (b) Ground-state expectation values of
L,/h, S,/h, and 7,/h as function of magnetic field in the K valley.
The blue solid curve shows the expectation value of J,/% operator.
(c) The same as (b) but for the K’ valley.
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FIG. 15. (Color online) The ground-state angular current density
in the (a) K valley and (b) K’ valley of a bilayer graphene quantum
ring as function of external magnetic field B, with U,=100 meV
and R=50 nm.

consequently the corresponding energies are imaginary.” Re-
place the formula s>=(m+ B)Y[(m+B)*—1]/(t')? by s*=[(m
+B)>=1/41%/[(t")?+1/2] and also replace Eq. (22) by

s= *[(m+pB)>— 14N>+ 1/2.
Replace Eq. (28) by

m+B—-1/2

€— TU,

da(R)=1, ¢p(R)=-

(e~ uy)? — (m+ B - 1/2)*

t'(e—mu)

&c(R)

’

(m+ B+ 112)[(e=1u)> - (m+ B-1/2)%]

t' (€= 1uy)(e— Tu,)

d’D(R) =

and Eq. (30) should be corrected as
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In the first paragraph in Sec. III B the explanation for Fig. 9
should be corrected as follows: “As compared to the single
layer quantum ring results of Fig. 1, we find that we have a
second set of levels that for large R are displaced in energy
by t.” Replace the formula (m+pB)*(m+B)*—1] by [(m
+)>=1/4]* and remove these sentences: “For m=-1,0,1
the behavior of the spectrum is different and the correspond-
ing energy levels do not diverge when R— 0. The same be-
havior was found for the single layer results, but only for
m=0,-1."

In the second paragraph of Sec. III B replace E(0)
=E(1)=E(-1) by E(0)=E(1)=E(-1) and remove the fol-
lowing part: “Notice that here we found that for m=-1 and
m=-2 no real energy solution is found for U, below some
critical value.”

In Sec. IV replace the relation A>%Avy/2R by A>0.

Now by solving the Hermitian Hamiltonian for single
layer graphene quantum rings all the values of the energy

levels are uniformly shifted by |A— A%~ (1/4)Ej|. Therefore
for the parameters in Fig. 2 the values of the energy levels
are shifted by 0.43 meV while in Fig. 5 the energy levels are
shifted by 0.8359 meV. In Fig. 5(b) replace E
=\A2—(1/4)E} by E=A (yellow points) and replace E=A
by E=\A%+(1/4)E} (orange points).

The shift in the energy levels of the bilayer graphene
quantum rings is too small (i.e. of order 0.1 meV) and thus,
Figs. 10, 11, and 12 remain unchanged.

Figures 8(c) and 15(c) are unchanged and are not repeated
here.

The authors are grateful to B. Trauzettel for pointing out
the non-Hermiticity of the Hamiltonian.
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